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Let I'* C F(o) be a maximal consistent theory with the Henkin witness property: for
every o-formula ¢, if I'* - 3z ¢ then I'* F ¢(x/c) for some constant symbol ¢. It can
be seen that for every ¢, I'* = ¢ whenever ¢ € I'*. Let A be the set of ~-equivalence
classes of the constant symbols of ¢ for the following equivalence relation: ¢ ~ d whenever
[ F ¢ =d. Let A be a o-structure with its universe A, with the following interpretations:
()a = lcf; fa([e]) = d iff T* F f(c) = d; ry(c) iff T* F r(c). Note that f and R
are compatible with ~: by the equality axioms, ¢ ~ d implies that I F f(c) = f(d)
— similarly for R —, thus the value of functions and relations are independent of the
equivalence class representatives. Also, by the Henkin property, functions have a value

for every argument; i.e. the definitions are good.
In this paper I will prove that 2l is a model of I'*.

Notation. Throughout the article, the letters ¢ and d denote constant symbols in
the signature o, e is a valuation over A, f is a function symbol, R is a relation symbol,
t is a o-term, z, y are variables, o is a signature, ¢, ¥ are o-formulas. [c] stands for the
equivalence class of ¢ (see below). ¥ stands for xq,..., ;. (Similarly ¢ or [Z]) o(x/c)
or t(x/c) denotes the formula or term obtained by substituting ¢ for z. (Note that the
term ¢ never contains a bound variable of ¢.) A F ple(z/a)] iff ¢ is true in 2 under the

valuation e when z is mapped to a € A.

Lemma 1. For every ¢ € F(o) with k free variables, I'* & ¢ if and only if for any ¢; € o
constant symbol I'* = ¢(Z/¢).

Proof. The only if part is trivial. For the if part, we prove the contrapositive. I'* t/ ¢ iff
[/ V¥ ¢. Then by the maximality of I'*: T I/ V¥ . Changing notation: I'* = 37 —p.
By the Henkin witness property, there are ¢y, . .., ¢; constant symbols in o such that I' F

—p(x1/c1, ..., x/ck). The consistency of T* ensures that T* t/ o(x1/cq, ..., xx/ck). O



Lemma 2. For a o-term t with k free variables, I'* - d = t(Z/¢ for some constant symbol

¢ and d if and only if [d] = (£(L/7))-

Proof. Using the Henkin property of I'* and the definition of 2, this lemma is easily

proved by induction on the construction of . O

Proposition. For every ¢ € F(o), I'*F ¢ (i.e. ¢ € I'*) if and only if A E .

Proof. We prove this claim by induction on the construction of ¢. Throughout the proof

we assume ¢ has k free variables, xi, ..., xy.

Case 1. ¢ has the form t; = ts.

Tt =ty

iff forallg; €0 T"Ft =ty (x1/c1...2/ck) (by Lemma 1)

ifft for all ¢; € o, some d € o, for j =1,2:
I'"Ft; =d (¥/¢) (by the Henkin property and the equality axioms)
(t;(Z/))y = [d] (by Lemma 2)
(11(3/0) g = (12(T/0)) o

ifft forall; €o: AEt =ty (2/0)

iff foraleeo: AEt =t [e(f/[g])] (by the substitution theorem)

iff AEVr,... Vgt =ty (because A ={[c]:c€ c})

ift AFEt =1,

Case 2. ¢ has the form R(ty,...,t,).

T F R(t, ..., tn)
ifft forall ¢; €00 T™F R(ty,...,t,) (Z/¢) (by Lemma 1)
iff forallc; €o,somed; €0 (j=1...n):
I'"Ft; =d; (£/¢) (by the Henkin property)
I''F R(dy,...,d,) (by the equality axioms)
2AFE R(dy,...,d,) (by the definition of 2A)
iff forall¢; € 00 AE R(ty,...,t,) (£/¢) (by Lemma 2)

iff forall¢; € o: AE R(ty,...,t,) [e(Z/[c])] (by the substitution theorem)



Case 3. p = .

ift
iff
ift
ift
iff
iff
ift

"y =y

Ik =Vay... Vo, = (if part by the maximality of T')
=T

for some ¢; € o0 '™ F (Z/0)

for some ¢; € o: AFEY(ZF/¢) (by the induction hypothesis)

A E le(Z/[c])] (by the substitution theorem)
AFEdry ... dzg Y

A

Case 4. o =11 N\ .

ift
iff
ifft

iff

I F gy Ay

for all ¢; € o0 T F ¢y Apo(Z/6) (by Lemma 1)

forall ; € o0 T Fy(Z/@) AND T F 9q(Z/€)

forall ; € o0 AFEY(Z/¢) AND A FE s (Z/¢)
(by the induction hypothesis)

A F 41 Ay (by the substitution theorem and the construction of A)

Case 5. Finally, ¢ = dy .

IF3Jy oy

iff for all ¢; € o and some d € o: '™ (Z/¢,y/d) (by Lemma 1 and Henkin property)
iff for all ¢; € o and some d € o: A F Y(Z/c,y/d) (by the induction hypothesis)
iff AE Iy b

(by the substitution theorem and the construction of A)



