
László Treszkai Coursework 9, exercise 1 May 9, 2017

9/1. Let Γ be a theorem which can represent every recursive function. Prove that for
every pair of formulae Φ(x) and Ψ(x) with one free variable, there exist closed formulae
η and θ such that Γ ` η ↔ Φ(pθq) and Γ ` θ ↔ Ψ(pηq).

Define the function h : N2 → N as follows:

h(α(ϕ), i) :=

{
α(ϕ(∆i,∆α(ϕ))) , if ϕ is a formula with two free variables
0 , otherwise

Let the h(x, y) function be represented by the H(x, y, z) formula. Furthermore, define
the formulae ξ1, ξ2, θ, η as follows:

ξ1(x, y) :≡ ∀z(H(x, y, z) → Ψ(z))

ξ2(x, y) :≡ ∀z(H(x, y, z) → Φ(z))

θ :≡ ξ1(pξ2q, pξ1q) ≡ ∀z(H(pξ2q, pξ1q, z) → Ψ(z))

η :≡ ξ2(pξ1q, pξ2q) ≡ ∀z(H(pξ1q, pξ2q, z) → Φ(z))

Then from the representation of h it follows that

Γ ` ∀z(H(pξ1q, pξ2q, z) ↔ z = pθq) (1a)
Γ ` ∀z(H(pξ2q, pξ1q, z) ↔ z = pηq) (1b)

The definition of θ makes the following formula an axiom:

Γ ` θ ↔ ξ1(pξ2q, pξ1q)

which is equivalent to the following:

Γ ` θ ↔ ∀z(H(pξ2q, pξ1q, z) → Ψ(z)) (2a)

The definition of η makes the following formula an axiom:

Γ ` η ↔ ξ2(pξ1q, pξ2q)

which is equivalent to:

Γ ` η ↔ ∀z(H(pξ1q, pξ2q, z) → Φ(z)) (2b)

Because of (1a) and (2b) we have:

Γ ` η ↔ Φ(pθq)

Because of (1b) and (2a) we have:

Γ ` θ ↔ Ψ(pηq). �
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