Laszl6 Treszkai Coursework 9, exercise 1 May 9, 2017

9/1. Let ' be a theorem which can represent every recursive function. Prove that for
every pair of formulae ®(x) and V(x) with one free variable, there exist closed formulae
n and 6 such that ' Fn <> ®(T07) and '+ 6 < ¥("n7).

Define the function h : N> — N as follows:

, alp(Ay, Auy)) , if ¢ is a formula with two free variables
ho(p)i) = {0 v

, otherwise

Let the h(z,y) function be represented by the H(z,y,z) formula. Furthermore, define
the formulae &, &, 6, n as follows:

&i(z,y) = V2(H(z,y,2)
&z, y) =Vz(H(z,y, 2)
9 — 51(752777517
ni= 52(r£1—|7|—§2

Ll

U(z))
®(2))
V2(H("& "6 2) — ¥(z))
V2(H("6, T8 2) = 9(2))

)
)

Then from the representation of A it follows that

CEVz(H("E T, T8 2) < 2=T607) (1a)
PEV2(H(TN, T, 2) < 2=y (1b)

The definition of § makes the following formula an axiom:
N SIS ANESE
which is equivalent to the following:
F'EO < Vz2(H(TE, TG, 2) — U(2) (2a)
The definition of n makes the following formula an axiom:
IEn < &G T8
which is equivalent to:
LkEn < V2(H(TET, T 2) — D(2)) (2b)
Because of (1a) and (2b) we have:
C'kEn <« oM7)
Because of (1b) and (2a) we have:
CEO < U(TypT). [ |



